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INCREMENTAL CONSTITUTIVE LAWS AND THEIR
ASSOCIATED FAILURE CRITERIA WITH APPLICATION

TO PLAIN CONCRETE

M. D. COON and R. J. EVANS

Department of Civil Engineering, University of Washington, Seattle 98105

Abstract-A time independent incremental constitutive law corresponding to hypoelasticity is examined with
particular reference to its description of failure. Material constants applicable to plain concrete are determined
and the resulting law is shown to describe the behavior up to and including failure for both triaxial and combined
torsion and compression loading.

1. INTRODUCTION

THE time independent or short term mechanical behavior of solids is most often described
by using linear elasticity for small loads together with a yield criteria and plastic flow
rule for large loads. This description is simple enough mathematically to allow the solution
of many boundary value problems and is adequate to describe the most important features
of the short term mechanical behavior of many metals. There are other materials, however,
such as plain concrete, rock and engineering soils for which the measured short term
uniaxial stress-strain relation has essentially no linear range and for which the slope of
the stress-strain diagram is continuous up to and including "failure". The development
of a single constitutive law to describe the entire response during loading would be of
considerable value. The main purpose of this paper is to utilize an incremental description
to develop such a constitutive law.

A time independent incremental constitutive law by which an increment of stress is
related to the stress and an increment of strain was introduced by Truesdell [1], who
called this kind of behavior hypoelastic. The relationship of hypoelasticity to plasticity
has been investigated by Truesdell [2] and by Green [3, 4], who attempted to retain the
features of plasticity as related to the deformation of metals.

The application of such a constitutive relation to frictional materials appears to have
certain advantages. That the nonlinear character of the response can be predicted has
been shown by Coon and Evans [5] who made use of available experimental data for
sands to show that the recoverable response of cohesionless soils could be described by a
first order hypoelastic law. These ideas are extended here in that the hypoelastic law is
used to describe total response during loading up to and including failure. It is shown
that, by proper selection of constants, the essential features of the short term response of
frictional materials may be predicted. The law contains a failure or stability criteria and
this is developed and compared with the concept of yield and its associated flow rule.
The criterion is then used to investigate the stability of triaxial states of loading. Finally,
availarl~xperimental data for plain concrete is fitted by the hypoelastic law, and it is
shown i the salient features of the behavior from zero load to failure are predicted.
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2. HYPOELASTIC REHAVIOR

A constitutive relationship of the form
F(l1, e, if, e) = 0 (1)

provides a general representation for time independent incremental behavior provided it
is homogeneous in time. Bearing in mind the subsequent application of this work to
problems involving such materials as soils, rock and plain concrete for which nonlinear
behavior occurs for small deformations, only small quasistatic deformations are considered.
Then (1 and e represent the classical stress and strain tensors, respectively; the dot represents
differentiation with respect to a scalar parameter and F is a tensor function.

In order to extract a particular equation from the general form (1), several assumptions
about the material behavior will be made. Following Truesdell, it will be assumed that an
increment of stress depends only on the stress state and the increment of strain; further,
it will be assumed that the increment of stress depends linearly on the increment of the
strain. With these assumptions, equation (1) takes the form

(2)

(3)

(4)

If, in addition, it assumed that the material behavior is isotropic and that stress appears in
equation (2) only to the first power, then the most general form for the material property
tensor A ijkl is (see [1])

A ijk / = (ao l +alll1rr)t5ijt5k/+1(a02+a12(1rr)(t5ikt5jl-t5jkt5i/)

+ a 13 (1ijt5k/ + 1 a 14(l1jkt5 /i + l1j /t5ki + aikt5 lj + l1i/t5kj) + a lSl1k/t5ij

and the constitutive law has the explicit form:

dl1ij = aOlekkt5ij+a02eij+alll1pikkt5ij

+ a 12l1kkeij + a 13 l1iikk + a 14(l1jke ik + (1ike jk)

+ a lSl1klek/t5ij'

The behavior described by equation (3) which is, by definition isotropic, exhibits stress
induced anisotropy as evidenced by the last three terms in equation (3). This same pheno
menon occurs in most nonlinear isotropic behavior (e.g. [6]).

The material behavior to be studied now revolves around the seven material properties
aOCalS' Note that ifall material property constants other than aO l and a02 are eliminated,
then the representation is that of Hooke's law with the additional freedom that an initial
stress can be prescribed for the zero strain state. The general conditions under which
equation (2) represents elastic behavior, i.e. when the equations can be integrated to allow
total stress to be related to total strain, has been investigated by Coon and Evans [5] and
the five sets of conditions which must be satisfied simultaneously are as follows:

a 14 = 0

a12(3a ll +a 12) = 0

al2alS = 0

a l s(3a ll +als) = 0
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In addition, the requirement

(5)

guarantees that the behavior is hyperelastic.
For any combination of material properties which do not satisfy equations (4) and (5),

stress and strain will depend on the loading path. If one searches for a failure or yield
criterion, one seeks a stress state for which incremental deformations may occur with
no change in stress. From equation (2) such a condition is

Equation (6) is satisfied when

A jjkl dekl = O.

det A jjkl = O.

(6)

(7)

Equation (7) describes a stress condition for failure. This condition will, however, be
accompanied by a state of strain and, hence, displacement. The initial assumption of small
displacement gradients places a restriction on failure states which must be satisfied in
addition to equation (7). To facilitate the calculation of this determinant, it is convenient
to align the coordinates with the principal directions of stress. The determinant in equation
(6) then takes on the form

K 1 K12 K 13 0 0 0

K 21 K 2 K 23 0 0 0

K 31 K 32 K 3 0 0 0

0 0 0 K4 0 0 =0 (8)

0 0 0 0 K s 0

0 0 0 0 0 K6

where

Kjj=aOl+al1/1+a13O"j+alSO"j fori=/;j and i,j=I,2,3

K j = aO I+a02 +(al1 +a I2 )1 1 +(a I3 +2a14 +a1S)O"j for i = 1,2,3

K4 = p+aI4(11-0"1)

K s = p+aI4(II-0"2)

K 6 = p+al4(It -0"3)

where 11 = 0" 1 +0" 2 +0"3' P = a02 +a 1211 , and 0" l' 0" 2 and 0" 3 are the principal stresses.

The expansion of equation (8) leads to

(p{ - 3a13alSJ2 + [3a01+a02 +(3a11 +a12 +a13 +als)1 tJ}

+ 2a14{p211 +2p1l(aOI +a1111)+(21i!3-J2)[a I4(aO I+a1111)

+ p(a13 +a14 +a1S)] +(13/3 - 1IJ2/2)[2aI4(3a13 +2a14 +3aI5 ) (9)

+6a13alS]-a13a15[IV3+/IJ2-/3]})K4KsK6 = 0
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(10)

The failure criteria of equation (9) can be interpreted geometrically as a surface in
principal stress space. Actually there are two surfaces involved, the first resulting from the
product of K 4 K sK 6 which is pyramidal, while the second results from the determinant of
Kij where i,j = 1,2,3, (1 # j) and K i where i = 1,2,3, which is a curved surface in stress
space. The actual failure surface is the one which encloses the smallest region containing
the origin.

When a14 = 0, the failure surface is given by

Equation (11) again consists of two surfaces, one being a mean stress sensitive version of
the von Mises' yield criterion and the other a plane cut-off perpendicular to the hydrostatic
stress axes. The mean stress sensitive version of the Mises' yield criterion has been proposed
by Drucker and Prager [7] for use in soil mechanics.

The determinant of equation (7) can be interpreted as a condition of stability as well
as that of failure. Hill [8] has shown that this determinant provides a limiting condition
for the invertibility of equation (2) when it represents elastic behavior and has considered
this as a material stability condition.

Whatever the interpretation of equation (9), as a criteria of stability, failure or plasticity,
it is clear that there is a class of deformations associated with these stresses analogous to
a plastic flow rule. When the plastic yield criterion is the incremental plastic strain potential
[9], then the strain increment vector is normal to the yield surface and principal directions
of stress and strain rate coincide. Looking at the determinant of equation (8) it is clear
that on the pyramidal part of the failure surface the principal directions of incremental
strain will not coincide with those of principal stress. There is some indication that principal
directions of stress and strain rate do not coincide for frictional materials [10]. On that
part of the failure surface which results from Kij' where i,j = 1,2,3 (i # j) and K i , where
i = 1, 2, 3, the principal direction of stress and strain rate do coincide; however there is
no assurance of normality. The increments of strain are related by

de2 - K ll K 23 +K 21 K 13
del K 12K 23 -K22K 13

de3 -K12K 21 +Kll K 22

del K12K23-K22K13

(12)

There are indications that the normality condition is not satisfied for frictional materials
[11] and theoretical investigations of this kind of behavior have been made by Palmer [12]
and Mroz [13]. Because ofthe lack ofboth normality and coincidence ofprincipal directions,
the standard bounding theorems ofplasticity cannot be applied directly to this material.
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3. TRIAXIAL BEHAVIOR

Triaxial states of stress will be considered here in order to illustrate the implications
of the previous section and also because the results will be of later use.

Let

(J 0 0

(Jij = 0 P 0

0 0 P

(13)

where a is the axial stress and P is the lateral pressure. Combining equations (3), (8) and
(13), one obtains

where

where

K t Kt2 Ku 0 0 0

K 21 K2 K 23 0 0 0

K 21 K 23 K 2 0 0 0

0 0 0 K4 0 0 =0

0 0 0 0 K s 0

0 0 0 0 0 K4

K 1 = aOI +a02 +(a 11 +aI2)11+(a 13 +2a14+a1S )(J

K2 = aOI +a02+(a 11 +aI2)1 1+(a13+2a I4+ alS)P

K 12 = £101 +a11 / 1+a13a + atsp

K 21 = aO I+all11+a13P+a1S(J

K 23 = aO I+all / t +(£113 +ats)p

K4 = £102+aI2 I 1+2a14P

K s = °02+ aU 11+ a14(a+p)

II = (J+2p.

(14)

(15)

There are four cases for which the determinant in equation (14) is zero, each having its
own mode of failure. These conditions and associated flow modes are

(a) K 2-K32 ::=: O:deij = oexcept de2 = -de3,

(b) KIK2+KIK23-2K12K21 = O: de 2 = de3, del = -K I
,

de2 K u

(c) K 4 = O:deij = 0 except de12 ,

(d) K s = O:deij = 0 except de2 3'

(16)



1174 M. D. COON and R. J. EVANS

(17)

The modes of failure for these various conditions are obtained by substituting failure
conditions into (6). From (15) it may be seen that (16a) and (16d) are identical and hence
three possible failure modes exist. On substitution from (15), these become:

(a) a = -2(1+2a14/a12)p-a02/al2'

(b) [ao 1+ a02 +(a ll + al2 + au + a14 +a1s)a + 2(a 11 + a12 )p]

[2ao1+a02 +(2a ll +au)a+2(2a 11 +a12 +au +a14+a1s)p]

-2[aOl +(a ll +a13 )a+(2all +a1s)p][ao 1+(a ll +a1S)a

+(2a ll +a13)p] = 0,

(c) a = -a02/(a 12 +a14)-(2a12 + a14)p/(a 12 +a14)'

In (17a) and (l7b) principal directions of strain rate would be the same as those ofstress,
but this would not be so for (17c). One possible combination of the failure criteria is shown
graphically in Fig. 1. The precise relationship of the three lines in Fig. 1 is, of course,
governed by the specific values of the material properties.

Consider now a typical triaxial test in which P is maintained constant while lal (where
lal > Ipl) is increased until failure occurs. The typical response is shown in Fig. 2; suppose
however, that the test is being run under such conditions that failure is given by the straight
line of (17a) in Fig. 1. Failure will then be reached at point A (Fig. 2) at a load less than
that given by (17b). The specimen will become instable to shearing motion at point A,
and this might be expected to lead to a shear type failure (see Fig. 3). Thus a given material
might fail by the mechanism of Fig. 3(a) for one range of pressures and by that of Fig. 3(b)
for a different range.

It is of interest to note that a direct analysis of the triaxial test will not investigate
instabilities such as (17c).

FIG. 1. Representative failure surface for triaxial loading.
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AXIAL STRAIN

FIG. 2. Representative stress-strain curve.

4. TRIAXIAL BEHAVIOR OF CONCRETE

The behavior of plain concrete in triaxial tests will now be examined using the hypo
elastic model. It is certainly true that, in many applications, time dependent aspects of the
mechanical response of concrete need to be taken into account [14]. For limited ranges
of rate and duration of loading, however, a time independent model is useful. The data
which will be utilized [15--18] is for short term loading and will be taken as time independent.

No attempt will be made to make a "best fit" of all available data. The purpose of this
section is to demonstrate that the essential features of both the deformation and failure
characteristics of a real material are described by the hypoelastic model.

The correlation of test data on plain concrete available in the literature is difficult
because the constituents of each researcher's concrete differ slightly. For present purposes
the data ofRichart et al. [15] and Gardner [16] will be utilized. Gardner conducted standard
triaxial tests, i.e. tests at constant cell pressure with increasing axial compression and
measured both axial and lateral deformations. Richart et al. used several different mixes
in their triaxial tests. They did not measure lateral deformations, but their data is of parti
cular value with regard to failure considerations because, besides standard tests, they

r ----- 1
I I
I I

II II I
I I

! I

(a) EXTENSIONAL MODE

,.....,---r"'l
/ I
I I
I I
I I
I I
I I
I I
I I

{b} SHEAR MODE

FIG. 3. Possible failure modes in triaxial test.
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(18)

also carried out constant cell pressure tests with decreasing axial compression and tests
with constant axial compression. Because no information was available by which the
mix proportions of the two experimenters might be compared, it was decided to use
Richart et al.'s data for that mix which gave the best agreement with the data of Gardner.

No unique method exists for determining the hypoelastic constants so they were deter-
mined to be consistent with the standard triaxial test data. The following values were chosen

aOI = 0

a02 = 9 x 105 psi

all = 44

a l2 = -88

au = -1200

a l4 = 0

a ls = -200.

Some discussion of these values is in order. First, the zero value of aOI corresponds to
zero Poisson's ratio at infinitesimal loads. While, in fact, this number was not quite zero,
it was very small. Another constant of particular interest is a14' As may be seen from
equation (9), setting this constant equal to zero greatly simplifies the form of the failure
criterion and, in addition, renders it dependent only on the invariants 11 and J 2 and
hence symmetric about the hydrostatic stress axis.

Richart's data (see Fig. 4) suggests a small amount of asymmetry about this axis and,
in addition, Bresler and Pister [17] have suggested that the failure of concrete is affected

• GARONER. TABLE!. AVG. 4 TESTS

A RICHART Er.AL.,TABLE a. AVG.4TESTS, MIX 1:1:2

o RICHART ET. Al .•TABLE 9. AVG. 4 TESTS, MIX 1:1:2

o RICHART n. AL.. TABLE 9, Ave;. , TESTS, MIX u:2
o

00

5

-10

-15

Ii

ii

15

ir
b

>< 10

it:
~
I

11~ STRAIN INCREMENT VECIDR (EO. lObI '1
n NQRMI'LVECTOR

€ STRAIN INCREMENT VECTOR I'
(GARDNER'S' DATA I

I" GARDNER'S COMMtNT> "THIS APPEARS
TO eE INCONSISTENT" __

-1 0 -(c1+2p) x 10-' PSI
e,ii --{+------1+-0---+15---:2~0--':':25-:----::30t:----:!:35-:----

FIG.4. Failure surface and strain increment vectors for triaxial loading.
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by the third invariant of stress. Nevertheless, because of the resulting simplification,
a14 was taken to be zero. aoz was determined from the slope at the origin ofthe stress-strain
curve for zero cell pressure. For computational convenience, the condition al2 = - 2au
was imposed. The remaining constants all' au and alS were found using the failure data
of Fig. 4.

The resulting predicted failure line is al80 shown in Fig. 4. This curve corresponds to
equation (17b), the failure lines for (17a) and (17c) both lying outside the curve shown.
In addition, strain rate directions predicted by equation (16b) and those measured by
Gardner are shown; agreement is good. Also shown are normals to the failure line.

Having determined constants consistent with both initial and ultimate loading, it is
now possible to compare predicted and observed behavior over the complete load range.
The standard triaxial test data is used for this purpose. Such comparison may be made
since, for any prescribed loading path, the hypoelastic constitutive law is integrable.
Thus, in the standard triaxial test, because of the constancy of cell pressure,

(19)

(20)

and

-2[aOI + (all +au )0'+(2all +a1S )p][aOI + (all + a13)0'

+ (2all + a13)P]} /[2aOI +aoz + (2a 11 + a l2 )O' + 2(2a ll +a l2 +a13 +a14 + a15)P].

Using equation (18), equations (19) and (20) may be solved for a given cell pressure. Two
cases are computed here.

For zero cell pressure, Le. the simple compression (or simple tension) test, one obtains

-4140[1- e1Sne!]
0' 1 = 1+7.62 elS ne! (21a)

Failure stresses associated with (21a) are 0'1 = -4140 psi and al = +540 psi. Equation
(21a) is shown graphically in Fig. 5 together with data from Gardner and Richart et al.
Gardner's data shows an inflection point which is also indicated by the theory, and it is
interesting to note that the theory provides for a limiting value of tension as well as
compression at what would seem to be a very realistic value. However, there is no experi
mental data available to confirm this. As stated above, only Gardner's tests permit lateral
deformations to be checked. There is some discrepancy between observed and predicted
values (Fig. 6). It should be noted, however, that there was considerable scatter in Gardner's
data and that the very small values of the lateral strain make this a difficult quantity to
measure.
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FIG. 5. Stress-strain curve for compression test.

(22a)

A second example of load--deformation curve has been worked out for the case of a
confining pressure of 3750 psi. The results are

- 15,550[1- e684el]
1+ 3 e684el

e2 = -0·587eI+4.34xl0-4In[1+3e684el]-0.601xlO-3 (22b)
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FIG. 6. Lateral vs. axial strain for compression test.
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and the graph of these equations together with data are shown in Figs. 7 and 8. In fact,
the confining pressure for the two experiments shown in Fig. 7 are not identical, but are
very close. Again it should be borne in mind that the theory predicts an infinite amount of
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FIG. 7. Deviator stress vs. axial strain for triaxial test.
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FIG. 8. Lateral vs. axial strain for triaxial test.
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deformation before failure is reached. Such deformations are inconsistent with our basic
assumptions; however, it can be seen that a very large percentage of the failure load is
reached for very small deformations.

5. TORSION-eOMPRESSION TESTS ON CONCRETE

An important test ofa constitutive law obtained phenomenologically is to show that it
gives reasonable predictions for states of stress other than those used to determine material
properties. Because Bresler and Pister [17,18] have examined the failure of thin-walled
plain concrete-cylinders under combined torsion and compression, the predicted behavior
of the hypoelastic law under such states will be examined.

The state of stress is

0 (}12 0

(}ij = (}l2 (}n 0

0 0 0

(23)

where X2 is the axis of the cylinder and x I lies in the circumferential direction at a typical
section.

Thus if L is the length of the cylinder, R its mean radius and t its thickness, the twisting
moment M T and compressive force F are given by

M r = 2nR2 t() 12

F = - 2nRt(}22'

The failure under torsion-<:ompression may be determined directly from (11) which,
using (23), becomes

(a02 +a12(}22)4[aoz(3aOI +aoz)+(}n{3ao1all +a02(3aU +2al2 +au +OIS)}

+(}~2{ - 2a13a15 +ad3a l1 +a12 +a13 + als)} -6a13a I 5(}t2J = 0 (24)

when 014 = O. For the constants of (18) this becomes

(9 x 105 - 880'22)4[8·1 X 1011 - 1·3 X 109()22 - 3·6 X lOs(}~2 - 1·44 X 10
6

(}t 2J = O. (25)

Limiting failure stresses are, in pure torsion

(ill = 750 psi

and for axial load only

(}n = -4140psi

+540 psi.

()n = + 10,200 psi

and hence, only the right hand term of (24) or (25) governs failure. The value of shear stress
predicted seems unreasonably large in comparison with the tensile strength. This essentially
arises from taking 014 to be zero. A non-zero choice of 014 would improve both the tensile



Incremental constitutive laws and their associated failure criteria with application to plain concrete 1181

triaxial predictions and the ratio ofshear stress to tensile stress but would increase computa
tional work by an order of magnitude.

Bresler and Pister presented their results in non-dimensional form by defining

J 2 = Jt6

Using these values, the right hand term of (25) becomes

(
1:0)2 0"0 (0"0)2- = 0·0218+0·432-+0·496 -
(Fe O"e (Fe

(26)

where O"e = -4140 psi.
This curve is plotted in Fig. 9 together with the experimental results of Bresler and

Pister and their proposed linear failure law from [17J

(27)

It may be seen from Fig. 9 that the curve given by (26) is essentially as good a fit to the
data as (27). In [18] Bresler and Pister, on the basis offurther experimental work, proposed
a quadratic law identical in form to (26). Their additional tests indicated lower shear
strengths than in [17] and hence the comparison with (26) is slightly poorer.

In addition to obtaining failure data, of course, the hypoelastic law permits load
deformation curves to be obtained.

Thus in the torsion--eompression test, the state of strain rate may be shown to be

0.40

030

o

o BRESLER a PISTER
REF (15) FIG. 5

0;/0;

FIG. 9. Failure surface for torsion-compression of hollow cylinder.
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(29)

(30)

when a14 = 0 and from (2) after eliminating £1 1 , one obtains

dU22 = ({[a02 +O"22(a ll +a12 + a13 +a15)][a02 + (2a ll + a12)0"22]

-2u~2(all +a13)(a l1 +a15)}de1+2a15uU[a02

+(a 12 -a 13 )u22] ded/[ao2 +(2a ll +adu22]

du 12 = {a12O"12[a02 + (au - a15)0"2] de1+ [a~2 + 2a02(a ll + ad0"22

+ad2all +adO"~2-4a13al50"LJ deu}/[ao2 + (2a ll +adO"22J

when aO l = a l4 = 0 and a12 = -2all .

These equations may be solved for prescribed loading paths of u22 and 0"12' In particu
lar, for the torsion test, i.e. 0"22 = 0, (29) and (30) may be solved to give

1 a02+j6a13al~O"U
eu = In (31)

2j6a13al5 ao2-j6a13al 50"12

and

el = _I_In 11
6a 13 .

6a
13

:
15

O"
I2 1·

a0 2

(32)

In the above, the initial conditions used were zero deformation at zero load.
The stress-strain curves given by (31) and (32) are plotted in Fig. 10. Because Bresler

and Pister did not measure deformations, no comparison with experimental data is possible.

6. CONCLUSIONS

The theory presented in this paper may be regarded as a convenient representation of
physically nonlinear behavior. The advantage of the hypoelastic representation is that a
single constitutive law fulfills two purposes: for prescribed loading paths, stresses and

1.0-----------------------

6 e 16

STRAIN x 10-'

FIG. 10. Stress-strain curves for the torsion of hollo~ cylinders.
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deformations may be obtained up to and including failure; in addition, a direct determina
tion of limiting or failure states is possible.

As a particular application, the behavior of plain concrete has been considered. Material
constants have been determined from initial and limiting triaxial behavior. The resulting
law describes well the complete triaxial behavior and also agrees reasonably with available
failure data for combined torsion and compression.
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A6cTpaKT-MccneAyeTcJl KOHCTHTYUIBHblH 3aKOH npHpal.UeHHJI, He3aBHCJll.Uero OT BpeMeHH, COOTBeTCT
BylOl.UHH rHnoynpyrocTH, npH oco6eHHblM OTHOllleHHH ore onHca pa3pYllleHHJI. OnpeAenJiIOTCJl
nOCTOJlHHble MaTepHana AnJi 06bIKHOBeHHoro 6eToHa. YKa3aHO, 'ITO cYMMapHbIH 3aKOH onHCblBaeT
nOBeAeHHe AO BpeMli pa3pYllieHIIJI H caMoe pa3pYllleHHe AnJi TpexocHoro H KOM6HHHpoBaHHoro Kpy'leHllli
H clKHMaeMoH Harpy3KH.


